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Contributions

¢ LTLs: Linear Temporal Logic over finite words
* only future operators
¢ pLTL: pure past LTL
¢ only past operators
¢ LTLf and pLTL are expressively equivalent [1]
¢ To the best of our knowledge, there is no systematic study of their
succinctness.

[1] Orna Lichtenstein, Amir Pnueli, and Lenore Zuck (1985). “The glory of the past”. In: Workshop on
Logic of Programs. Springer, pp. 196-218. DOI: 10.1007/3-540-15648-8__16
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Contributions

Contributions:
@ LTLf can be exponentially more succinct than pLTL
® pLTL can be exponentially more succinct than LTL¢

= incomparability result
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Contributions

Safetyl.TL: the fragment of LTL in NNF with only universal temporal
operators (X, G, R)
G(pLTL): all formulas of the form G(a)) where o € pLTL

¢ canonical form for SafetyLTL

All safety properties expressible in LTL can be defined in SafetyLTL and
G(pLTL) ...but at which cost?

The succinctness of SafetyLTL w.r.t. G(pLTL) has not been studied.
The same also holds for coSafetyLTL and F(pLTL)
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Contributions

Contributions:

® G(pLTL) can be exponentially more succinct
than SafetyLTL

© F(pLTL) can be exponentially more succinct
than coSafetyLTL

= this confirms the conjecture formulated in [1],
derived from the complexity gap between the
realizability problem of SafetyLTL, which is
2EXPTIME-complete, and G(pLTL), which is
EXPTIME-complete;

Logic Complexity of realiz.
SafetyLTL 2EXPTIME-c
G(pLTL) EXPTIME-c

[1] Alessandro Artale et al. (2023).
“Complexity of Safety and coSafety
Fragments of Linear Temporal Logic”.
In: Proc. of the 36th AAAI Conf. on
Artificial Intelligence. AAAI Press
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BACKGROUND



Linear Temporal Logic with Past
S

LTL+P

Linear Temporal Logic with Past (JR55%, for short) is a modal logic.
* it extends classical propositional logic

* temporal operators are used to talk about how propositions
change over time
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Linear Temporal Logic with Past

LTL4-P Syntax

Let AP = {p,q,r,...} be a set of atomic propositions. The syntax of [JFE=EH is
defined as follows:

p=p|lploVveo|long Boolean Modalities
| Xé | Xp | oUo | pR Future Temporal Modalities
| Yo | Yo | 6Sod| T Past Temporal Modalities

where p € AP. Negation only in front of atomic propositions.

Xis called tomorrow (or next) * Y is called yesterday (or previous)
X is called weak tomorrow
U is called until

R is called release

* Y is called weak yesterday

e Sis called since

* Tis called triggers
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Linear Temporal Logic with Past

LTL-+P Semantics

* A state is a member of 247,
* Finite / / is a finite (nonempty) sequence of states:

oe (2AP)+

{ry A} {ngt {r} {ngr {r} {r}

AP = {r.g} o o o o o 0 o
0 1 2 3 4 5 n-1
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Linear Temporal Logic with Past

LTL-+P Semantics

We say that o satisfies at position i the LTL+P formula ¢, written iff:

e oifEp iff peo;

p
oo 0 0 06 0 o ¢ ¢

1

p holds at position i
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Linear Temporal Logic with Past

LTL-+P Semantics

We say that o satisfies at position i the LTL+P formula ¢, written iff:
coil=Xp iff i<|o|—landoit 1l ¢

¢
o o & &6 06 ¢ ¢ o o

1

¢ holds at the next position of i
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Linear Temporal Logic with Past

LTL-+P Semantics

We say that o satisfies at position i the LTL+P formula ¢, written iff:
e oil=Xoiff i=|o|—1loro,i+1E¢

¢
o0 0 0 0 0 0 o °

1

¢ holds at the next position of i, if any
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Linear Temporal Logic with Past

LTL-+P Semantics

We say that o satisfies at position i the LTL+P formula ¢, written iff:
® 0',1')=¢1U¢2 iff E|Z§]< ‘U’ .o,j)=¢2andVi§k<j.a,k|=¢1

o))
»1 91 ¢
o O 6 O o o o o o

1

¢1 holds until ¢, holds
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Linear Temporal Logic with Past

LTL-+P Semantics

We say that o satisfies at position i the LTL+P formula ¢, written iff:
e oY iff i>0ando,i—1k o

¢
o0 0 0 0 0 0 o °
i

position i has a predecessor and ¢ holds at the previous position of i
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Linear Temporal Logic with Past

LTL-+P Semantics

We say that o satisfies at position i the LTL+P formula ¢, written iff:

°oiE=Ye iff i=0oro,i—1kE¢

¢
oo 0 0 06 0 0 ¢ - °
i

¢ holds at the previous position of i, if any

Note: 0,i = Y L iff i = 0.
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Linear Temporal Logic with Past

LTL-+P Semantics

We say that o satisfies at position i the LTL+P formula ¢, written iff:
i 0',1')=¢15¢2 iff E|]§zU,]|=¢2andV]<k§za,k}:¢1

)
o 1 P
o O 6 O o o o o o

1

¢1 holds since ¢, held
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Notation

* We say that two formulas ¢, € LTL+P are equivalent, written when,
for all o € (2¥)“, it holds that o |= ¢ if and only if o = .

* The size of ¢, denoted with ¢, is the number nodes of its parse tree.
Definition (LTL¢)

We denote with the logic LTL+P devoid of past temporal operators and
interpreted over finite traces.
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The pure past fragment of LTL+P

Definition (Pure-past LTL)

Pure-past LTL (J5EE, for short) is the set of LTL+P formulas devoid of future
operators.

Formulas of pLTL are naturally interpreted on the last position of a finite trace.

Example:

pAO@@AOpAYL))

p/\\?é o q.AO(p‘A\?J_.) o o pAO(q/\O(p/\VJ_))

12/46 L. Geatti LTLf can be exponentially more succinct than pLTL and viceversa



The F(pLTL) and G(pLTL) fragments

F(pLTL) G(pLTL)
Definition Definition
¢ = F(a), where o € pLTL, thatis ais a ¢ = G(a), where o € pLTL, thatis ais a
pure-past LTL formula. pure-past LTL formula.
Example: Example:
F(q A YHp) G(YYr —g)
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The glory of the past

The pure past fragments have several important properties:
@ The conversion of LTL¢ into DFA is doubly exponential (lower bound).

Theorem

For each pLTL formula of size n, there exists an equivalent DFA of size 20,
This conversion can be done fully symbolically.

Reference

¢ Giuseppe De Giacomo et al. (2021). “Pure-past linear temporal and dynamic logic on
finite traces”. In: Proceedings of the Twenty-Ninth International Conference on
International Joint Conferences on Artificial Intelligence, pp. 4959-4965

¢ Alessandro Cimatti et al. (2021). “Extended bounded response LTL: a new safety
fragment for efficient reactive synthesis”. In: Formal Methods in System Design, 1-49
(published online on November 18, 2021, doi: 10.1007/510703-021-00383-3)
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The glory of the past

The pure past fragments have several important properties:
@ The reactive synthesis problem for LTL and LTL¢ is 2EXPTIME-complete.

Theorem
The reactive synthesis problem for pLTL, F(pLTL), and G(pLTL) is EXPTIME-complete.

Reference

Alessandro Artale et al. (2023). “Complexity of Safety and coSafety Fragments of
Linear Temporal Logic”. In: Proc. of the 36th AAAI Conf. on Artificial Intelligence.
AAAI Press
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SUCCINCTNESS



Succinctness

Definition
Given two linear-time temporal logics L and I/, we say that . car be exponentially
more succinct than 1" over finite trace iff there exists an alphabet ¥ and a family of
languages { L, }»~0 C (2¥)* such that, for any n > 0:
¢ there exists a formula ¢ € IL over ¥ such that its language over finite traces is
Ly and |¢| € O(n); and

e for all formulas ¢’ € L' over ¥, if the language of ¢’ over finite traces is £,
then |¢/| € 290,
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pLTL can be exponentially more
succinct than LTLf



pLTL can be exp. more succinct than LTLf

Let ¥ = {po,p1,...,pn} be a finite set of proposition letters. Consider the following
family of languages over the alphabet 2%, where n > 0.

n

Ay={oce2®T|FE>0. (/\(Pi € or &> pi € 00))}

i=0
Po Po
—|p1 —\pl
Pz ........ _ P2
g0 Ok Olo|-1
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pLTL can be exp. more succinct than LTLf

Po Po
ﬁpl ﬁpl
o) Ok Olo|-1

We shall prove that all formulas of LTL¢ defining A, are at least of size exponential
in n. Conversely:

Lemma
For any n > 0, there exists a formula ¢ € pLTL such that L(¢) = A, and |¢| € O(n).

Proof.

O(ALo(pi ¢ YO(YLA pi)))- Note the crucial role of YL for hooking the initial
state of a word. O
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pLTL can be exp. more succinct than LTLf

To prove that A, is not expressible in LTL¢ with formulas of size less than 28(n) (for
any n > 0), we make use of an auxiliary family of languages. For each n > 0, we
define the language B, over the alphabet 2* with X = {pg, p1,...,pn} as follows:

n

Byi={oe @) |Fh=0.3k>h.(/\(pi € o < pi € ow))}

Po Po
—|p1 —|p1
p2 TR Pz
00 Oh Ok Olo|-1
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]CDLTL can be exp. more succinct than LTLf

onnection between A, and B;,

We now show that, if A,, was expressible in LTL¢ in space less than exponential in
n, then the property B, would be expressible in LTL¢ in space less than exponential
as well.

Lemma

If there exists a formula of LTLs for A, of size less than exponential in n, then there exists a
formula of LTL¢ for B, of size less than exponential in n.

Proof.

Let ¢4, be a formula of LTL¢ for A, of size less than exponential in n. Consider the
formula : we prove that its language is exactly B,. For any o € (2*)* and
for any n > 0, it holds that o |= F(a,) iff 3k > 0. o _y = a,, where oy _j is the
suffix of o starting from i. This means: 3k > 0. 3h > k. (A[Ly(ok = pi <> on = pi))-
Equivalently, o € B,. Moreover F(ip,) belongs to LTL¢ and it is of size less than

exponential in 7. [
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]CDLTL can be exp. more succinct than LTLf

onnection between A, and B;,
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Lemma

If there exists a formula of LTLs for A, of size less than exponential in n, then there exists a
formula of LTL¢ for B, of size less than exponential in n.

Proof.

Let ¢4, be a formula of LTL¢ for A, of size less than exponential in n. Consider the
formula : we prove that its language is exactly B,. For any o € (2*)* and
for any n > 0, it holds that o |= F(a,) iff 3k > 0. o _y = a,, where oy _j is the
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pLTL can be exp. more succinct than LTLf

Lemma
For any n > 0 and for any NFA A over the alphabet 2%, if £(A) = B, then | A| € 22"

Proof.

Letn > 0. We fix a permutation (ay, ... ,a_1) of the 2" subsets of {p1,...,pn}
(note that this set does not include the proposition letter py € ).

Let K C {0,...,2" — 1} and let K be the complement set of K. We define /" in this
way:

a ifi e K
" la;U{py} otherwise

We define ok as the sequence (bX,bX, ... b%, ).
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pLTL can be exp. more succinct than LTLf

Lemma
For any n > 0 and for any NFA A over the alphabet 2%, if £(A) = B, then | A| € 22°".

Proof.

Suppose by contradiction that there exists an NFA A for B, of size less than doubly
exponential in n. Consider the words:

O ok - ok
O og-og
® ok o
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pLTL can be exp. more succinct than LTLf

Lemma
For any n > 0 and for any NFA A over the alphabet 2%, if £(A) = B, then | A| € 22°".

Proof.

Suppose by contradiction that there exists an NFA A for B, of size less than doubly
exponential in n. Consider the words:

@ ok - ok is accepted by A;
@ oy - og is accepted by A;
@® ok - g is not accepted by A.
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pLTL can be exp. more succinct than LTLf

Lemma
For any n > 0 and for any NFA A over the alphabet 2%, if L(A) = B, then | A| € 22",

Proof.
Let m = (mg, ..., mn_1) - (Won, ..., Ton+1_q, . . .) be any accepting run of A over
the word 0K * OK.
Let ' i= (7, ..., Ton_1) - (Mus + -+ s Thyiy_q, - - -) be any accepting run of A over
the word o - o%.
. Let 7" be the sequence obtained by appending the
suffix of 7’ starting from its 2"-th state to the prefix of 7 of length 2" — 1, i.e.:

"._ / /
T = <7TO, ey TN, Tony o« ,7T2,7+1_1, oo >
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pLTL can be exp. more succinct than LTLf

Lemma
For any n > 0 and for any NFA A over the alphabet 2%, if £(A) = B, then | A| € 22"

Proof.
" / /

T = (T, oy T2 1, Ty e e vy Togug1 15+ - )
By construction, 7" is an of the automaton A over the word o - 0%,
which is a .
Therefore, the states at position 2"-th of 7 and 7’ must be . This means that
the automaton A has to contain at least a state for choice of K C {0,...,2" — 1}.
Since there are 22" of such possible choices, this means that .4 has to contain at
least 22" states. O
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pLTL can be exp. more succinct than LTLf

Proposition ([1])

For any formula ¢ of LTL¢ of size n, there exists an NFA A such that L(¢$) = L(.A) and
| A| € 200

Lemma
For any formula ¢ € LTLg, if L(¢) = B, then |p| € 22,

[1] Giuseppe De Giacomo and Moshe Y. Vardi (2013). “Linear Temporal Logic and Linear Dynamic
Logic on Finite Traces”. In: Proceedings of the 23rd International Joint Conference on Artificial Intelligence.
Ed. by Francesca Rossi. JCAI/AAAI pp. 854-860

26/46 L. Geatti LTLf can be exponentially more succinct than pLTL and viceversa



pLTL can be exp. more succinct than LTLf

Lemma

If there exists a formula of LTL¢ for A, of size less than exponential in 1, then there
exists a formula of LTL¢ for B, of size less than exponential in 7.

Theorem
For any n > 0 and for any formula ¢ € LTLg, if L(¢) = A, then |p| € 220,

Corollary

pLTL can be exponentially more succinct than LTLs.
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LTLf can be exponentially more
succinct than pLTL



LTLf can be exp. more succinct than pLTL

Definition (Reverse Language)

Given an alphabet ¥ and a language £ C (2*)* of finite words over 2%, we define
the of L as the set:

L ={d e |ol=0, fora=00...0p€ L and 0 < i < n}.

Definition (Reverse Logics)
Given two linear-time temporal logics L. and .~, we say that L. " isa of
L iff:

Vo € L. 3¢’ € L™ such that L(¢) = L(¢')~ and |¢'| = |¢|;

V¢! € L™ . d¢ € L such that L(¢') = L(¢)~ and |¢| = |¢'|.
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LTLf can be exp. more succinct than pLTL

Example

Consider the logic pLTL and any f formula ¢ € pLTL. By replacing in ¢ the temporal
operators Y, Y,S,and T with X, X, U, and R, respectively, one obtains a formula ¢’
such that:

@ it belongs to LTL¢;
® its size is |¢);
©® itis such that L(¢) = L(¢')".
Therefore, is a reverse logic of and vice versa.
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LTLf can be exp. more succinct than pLTL

Lemma (Reverse Lemma)

For any two linear-time temporal logics 1. and L.~ such that 1L is a reverse logic of L., if a
language L with a compact definition in L is not succinctly definable in IL—, then L™ (i.e.,
the reverse language of L) is compactly definable in IL.—, but its definitions exponentially
blow-up in L.

Corollary

For any two linear-time temporal logics I and .~ such that L is a reverse logic of
L, if L can be exponentially more succinct than L™, then L™ can be exponentially
more succinct than L.
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LTLf can be exp. more succinct than pLTL

From the Reverse Lemma, we obtain a concrete family of languages that are
definable with LTL¢ formulas of polynomial size but such that any pLTL formula
for them requires at least an exponential amount of space.

n

A ={ce )"k <|o|-1. (/\(Pz’ € 0% < Pi € 0151-1))}

i=0
Po Po
“P1 “P1

a0 Ok Tlo|-1
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LTLf can be exp. more succinct than pLTL

For eachn > 0, A;; can be expressed in LTL¢ in space linear in n with the formula

n

F(/\(pi <> XF(XL Ap2)).
i=0

However, since LTLy is a reverse logic of pLTL, by the Reverse Lemma every
formula of pLTL for A, requires an amount of space at least exponential in 7.

Theorem

For any n > 0 and for any formula ¢ € pLTL, if L(¢) = A;, then |¢| € 290,

Corollary

LTL¢ can be exponentially more succinct than pLTL.
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Meaningful implications

@ LTLf and pLTL: @ Succinctness can help in choosing
* syntax: incomparable the right formalism to express a
® semantics: equivalent property
® succinctness: incomparable @ The most efficient translation of
® Confirms the conjecture in [1]: LTL¢ into pLTL is triply exponential
¢ LTLs realizability: 2EXPTIME-c ® any translation from LTL¢ to pLTL
® pLTL realizability: EXPTIME-c (not only the above one) has at
® succinctness gap least an exponential lower bound.

[1] Alessandro Artale et al. (2023).
“Complexity of Safety and coSafety Fragments of
Linear Temporal Logic”. In: Proc. of the 36th AAAI
Conf. on Artificial Intelligence. AAAI Press
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Succinctness of safety and cosafety
fragments of LTL



G(pLTL) can be exp. more succinct than SafetyLTL

SafetyLTL G(pLTL)

Definition Definition

p=p|lploANd|odVo|Xp|Gp|pRp ¢ :=G(), where a € pLTL, thatis ais a
pure-past LTL formula.

Example:

G(r = XXg) Example:

G(YYr—g)

SafetyLTL and G(pLTL) are expressively equivalent.
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G(pLTL) can be exp. more succinct than SafetyLTL

Theorem
G(pLTL) can be exponentially more succinct than SafetyLTL.
It derives from Markey’s proof that LTL+P can be exponentially more succinct

than LTL.

Reference

Nicolas Markey (2003). “Temporal logic with past is exponentially more succinct”.
In: Bull. EATCS 79, pp. 122-128
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G(pLTL) can be exp. more succinct than SafetyL TL

Theorem
G(pLTL) can be exponentially more succinct than SafetyLTL.

Let ¥ = {po, ...,pn}. Consider the family of languages M, over the alphabet 2%

M, = {06(22)“’\Vk>0(Vi,1§i§n(pi60k<—>pieag)<—>(p060k<—>poeao))}

Lemma (Markey)

For any n > 0, any formula of LTL expressing M, is at least of size exponential in n.

Corollary

For any n > 0, any formula of SafetyLTL expressing M, is at least of size exponential in n.
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G(pLTL) can be exp. more succinct than SafetyLTL

Theorem
G(pLTL) can be exponentially more succinct than SafetyLTL.

However, for each nn > 0, there is a formula in G(pLTL) of size linear in n
expressing M,,, such as the following;:

n

G((A\(pi > O(YLAP))) ¢ (po <> O(YL App)).)
i=1

Theorem
G(pLTL) can be exponentially more succinct than SafetyL TL.
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F(pLTL) can be exp. more succinct than coSafetyLTL

Lemma (Duality Lemma)

For any linear-time temporal logics I and I, if I can be exponentially more succinct than
I/, then L can be exponentially more succinct than 1!, where LL (resp., ') is a dual logic of
L (resp., L').

Theorem
= (2805 can be exponentially more succinct than Sosrii=a/BEE,
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Succinctness of (co)safety fragments

® G(pLTL) can be exponentially more
succinct than SafetyLTL

* F(pLTL) can be exponentially more
succinct than coSafetyLTL

39/46 L. Geatti LTLf can be exponentially more succinct than pLTL and viceversa



® G(pLTL) can be exponentially more

succinct than SafetyLTL

* F(pLTL) can be exponentially more

succinct than coSafetyLTL

Does the viceversa hold as well?

l \
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Conjucture

For any n > 0, we define C, as the language of the formula F(A_;(p; U ;)).

P1 P

Po Po
. Lo e @ .
00 Ok Ohy Ohy Ohy Olo|—1

Conjecture

For any n > 0, the language C, is not expressible in F(pLTL) with a formula of size
less than 7!.
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CONCLUSIONS



Conclusions

@ Incomparability between the succinctness of LTL¢ and of pLTL

@ Family A, for proving that pLTL can be exp. more succinct than LTL¢
@ Reverse Lemma for proving that LTL¢ can be exp. more succinct than LTL

@ G(pLTL) can be exp. more succinct than SafetyLTL
® F(pLTL) can be exp. more succinct than coSafetyLTL
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Conclusions

@ The study of the maximal fragment of LTL¢ that does not incur in the
exponential blow-up in the translation into pLTL.
® Proving the 17! lower bound for the succinctness of coSafetyLTL w.r.t. F(pLTL)
¢ these techniques does not work
¢ Adler-Immermann games
© Finally, while we know that the lower bound between the translation of LTL¢
into pLTL is at least exponential, we have an upper bound which is triply
exponential. The possibility of tighter lower bounds, or more efficient
algorithms for this problem, is worth investigating.
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